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We propose a technique to probe the quantum state of light in an optical cavity without signif-
icantly altering it. We minimize the interaction of the probe with the field by arranging a setting
where the largest contribution to the transition probability is cancelled. We show that we obtain
a very good resolution to measure photon population differences between two given Fock states by
means of atomic interferometry.
I. INTRODUCTION
Determining the state of a quantum system without
significantly perturbing it can indeed pose a challenging
problem. One example is the destructive process involved
in the detection of light trapped in an optical cavity. Us-
ing a photodetector, which in its most schematic version
could be just a single atom, if we want to probe a quan-
tum state containing a handful of photons, it is very likely
that in order for the detector to click, photons have to
be absorbed from the field by the atom and therefore the
state of the light inside the cavity would be drastically
altered if the number of photons is small enough.
These limitations have been overcome with the pro-
posal of quantum non-demolition schemes (QND), with
which it is possible to carry out weak measurements that
obtain the most information possible from a quantum
state without significantly altering the state [1–3]. In
these schemes, a QND measurement was adapted to the
counting of light quanta. A beam of Rydberg atoms
evolves into a superposition of two distinct states and
is then made to interact with light sustained in a highly
reflective cavity and non-resonant with the energy gap
between the two atomic states. In this way the field in the
cavity remains intact while the atoms successfully cross
the cavity one by one. The fact that the atomic gap is
non-resonant with the field mode to be probed ensures a
nondemolition measurement on the trapped photons but
also yields an observable shift in atomic energy levels pro-
portional to the photon number that is measurable using
a Ramsey atomic interferometer [4, 5]. Indeed, the use of
atomic interferometry also promises impressive advances
in metrology, from the measurement of space-time curva-
ture of the Earth (see for instance [6] for a quick review)
to proposals for improving the detectability of the Un-
ruh effect by reducing required accelerations, to the im-
plementation of a highly sensitive quantum thermometer
[7].
Inspired by these results we propose to use a similar
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scheme to that of [7, 8] for the detection of photons. We
will not use geometrical phases but dynamical phases,
and we will not make any of the common idealizations on
the quantum field behaviour (i.e. we will not carry out
single-mode nor rotating wave approximations [9, 10]).
We will introduce a technique, which we will call ‘mode
invisibility’ to minimize the backreaction of an atom on
a state of the electromagnetic field while maximizing the
information about the field state that we can extract by
observing the atom. For this we will use atoms that
are not highly excited but instead in a relatively sta-
ble ground state, which will acquire a global phase after
interacting with the field that shall be measured a simple
interferometric scheme.
The method pursues the same objective as the cele-
brated work by Serge Haroche [4, 5, 11, 12]: to get a non-
negligible phase without altering the state of the field. In
the methods introduced by Haroche, this is accomplished
by using atoms that are largely off-resonant with respect
to the field mode that we want to probe. The main differ-
ence with the technique presented in this paper is that in
our case we minimize the back reaction of the atom in the
field while keeping the atomic probes on resonance with
the mode we want to probe. As we will discuss below,
being on resonance with the probed mode helps increase
the strength of the phase acquired by the atomic probe.
In this article, we propose a new atomic interferom-
etry method aimed to determine the difference between
the photon content of two given Fock states, allowing
therefore to find the photon content of a Fock state of
light contained in a cavity by comparison with a known
state. We would like to be able to distinguish states of
light containing very few photons without significantly
altering the photon content of the field. We will present
techniques where the probability of atomic probes alter-
ing the state of light during their interaction with it in
the cavity could be minimized even while maximizing the
global phase change carried by the probe.
II. THE SETTING
Fig. 1 shows the set-up for our scheme. Two optical
cavities each of length L, containing known and unknown
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2quantum field states respectively, are placed along the
two branches of an atomic interferometer. We send sin-
gle atoms initially in their ground state into this atomic
interferometer through a beamsplitter so that they prop-
agate along the two branches of the atomic interferom-
eter, respectively interacting with the known and un-
known field states placed along their paths. After an
interaction time T the atom exits the cavities, the inter-
action between the field modes and the single atom cre-
ating a phase change in the atom’s quantum state. The
atomic phase change acquired in the two optical cavities
differs. By looking at the interferometer’s output at the
point where the partial beams recombine, the measured
phase difference can be expected to reveal the unknown
field state. This kind of set-up has been considered pre-
viously as a way to detect the Unruh effect [8] and to
measure, with great precision, the temperature of a hot
source relative to some reference source [7]. In either
case, the phase acquired by the detector differs for differ-
ent quantum field states. For instance, in the case of a
thermal field state, this phase encodes information about
the field’s temperature. The sensitivity to temperature
is very strong, and it has been shown that measurement
of the phase can in principle be used to detect the Un-
ruh effect at accelerations nine orders of magnitude lower
than previous proposals.
We propose to use this phase difference to measure the
photon number of an unknown bosonic field state. Re-
garding the atom’s quantum state as a wave, the peaks
and the dips of the wave become shifted during interac-
tion with the discrete quantum field modes. As we shall
demonstrate, the phase difference can be significant and
thus measured. We map the field state (namely, the pho-
ton content of the state) in the cavity onto the global
phase difference acquired when the atom exits the cavity
(see Fig. 1). The phase γ is then a function of the pho-
ton number n. If the state of the field is not significantly
altered, then repeated measurement can be used to esti-
mate the phase, thereby revealing the exact number of
photons in the unknown field state [12].
In our measurement scheme, we consider the joint
atom-quantum field state at time t = 0 to be |ψ(0)〉 =
|g, nα〉 where we set the field state |nα〉 (with α =
1, 2, · · ·∞) as the eigenstate of our system’s photon num-
ber observable, corresponding to n photons in the cavity
mode α of frequency ωα = αpi/L. We assume that single
atoms enter the cavity in their ground state |g〉. By set-
ting the cavity mode frequency ωα at resonance with the
atom transition frequency Ω, the joint system therefore
undergoes oscillations at angular frequencies (ωα ± Ω)
between various possible states.
The heart of our work lies in our ability to “manipu-
late” the interaction between these single atoms and field
modes trapped in the optical cavity without perturbing
the combined quantum system very much. These systems
are assumed to be coupled by an interaction Hamilto-
nian for a short time T by a unitary evolution operator
U(0, T ), so that the joint atom-field state after the in-
FIG. 1. (Color online): Schematic set-up of our quantum
system interaction. An atom initially in its ground state |g〉
is made to propagate along the two branches of an atomic
interferometer via a beamsplitter. In the two branches, each
partial state encounters a cavity of length L containing multi-
ple quantum field modes. Different phases are acquired along
each arm due to interaction with the quantum field. The
phase difference measured at the output of the interferometer
determines the unknown field state [7]
teraction is |ψ(T )〉 = U(0, T )|ψ(0)〉. We require that the
coupling to the cavity modes is taken to be weak enough
so that the effect of the atom-field interaction when the
atom flies through the cavity for short times does not
alter the probability distribution of the joint quantum
sta e.
During this interaction, it is known that the atom ac-
qui es a phase [8] due to the presence of the quantum
field. We will calculate the phase acquired by the atom
for a given field mode, check that the phase difference
obtained for different field modes is measurable, and see
if this difference responds to changes in the number of
field modes. To proceed, we consider the interaction
Hamiltonian, HI = λµ(t)φ[x(t)], which describes a point-
like two-level quantum system with monopole moment
µ(t) = (σˆ+ + σˆ−) coupled to a scalar field φ[x(t)] along
the detector’s trajectory x(t) with coupling strength λ
[7, 8, 13]. This light-matter interaction model, known
as an Unruh-DeWitt detector, has been shown to model
an atom coupled to the electromagnetic field as long as
there is no angular momentum exchange involved [14].
III. PHASE AND TRANSITION
PROBABILITIES
In our setting, x(t) represents the atom’s trajectory
inside a one-dimensional perfectly reflective cavity with
boundary at x = 0 and x = L. In the interaction picture,
the Hamiltonian describing the atom-field interaction can
3be written as:
HI =λµ(t)
∞∑
β=1
(a†βe
iωβt + aβe
−iωβt)
sin[kβx(t)]√
kβL
, (1)
where the field is expanded in terms of the stationary
wave modes of the Dirichlet cavity. The time evolution
under this interaction Hamiltonian from a time t = 0 to
a time t = T is given by
U(T, 0) = T exp
[
1
i
∫ T
0
dtHI(t)
]
. (2)
After a time T , the state of the system is given as
|ψ(T )〉 = U(0, T )|ψ(0)〉. Perturbatively expanding the
time-ordered exponential we obtain |ψ(T )〉 = |ψ(0)〉 +∣∣ψ(1)T 〉+ ∣∣ψ(2)T 〉+O(λ3) where∣∣ψ(n)〉 = U (n)|ψ(0)〉, (3)
with the different order contributions to U(0, T ) being
U(0, T )=1−i
∫ T
0
dt1HI(t1)︸ ︷︷ ︸
U(1)
−
∫ T
0
dt1
∫ t1
0
dt2HI(t1)HI(t2)︸ ︷︷ ︸
U(2)
+ . . .
(4)
The field-atom system starts from an initial state
|ψ(0)〉 and traverses the cavity during a time T . Re-
quiring the probability that the whole system remains in
the same state to be approximately unity, i.e,∣∣〈ψ(0)|U(0, T )|ψ(0)〉∣∣2 ≈ 1, (5)
ensures the minimal possible alteration to the field state.
Under this assumption the final state of the system would
be very approximately equal to the initial state except for
a global dynamical phase
|ψ(T )〉 = U(0, T )|ψ(0)〉 ≈ eiγ |ψ(0)〉, (6)
where γ is the phase factor to be determined. In partic-
ular the state of the measuring device (the single atom)
remains the same before and after it exits the cavity ex-
cept for a dynamical phase. Even in regimes where the
interaction between a single atom and the quantum field
is so weak such that the field state to be measured is un-
perturbed, we expect that the measured phase value will
hold information about this field state.
For this scheme to work we have to make sure that (a)
the hypothesis (5) holds and (b) the phase is significantly
measurable in the regimes where this is so. Even with
these conditions satisfied, we note that the information
that can be extracted from the joint system is limited:
the only way to measure a global phase is by means of an
interferometry experiment. To this end we have to com-
pare the state of the field with another known state. As
the phase is a scalar magnitude, we would be able to par-
tially identify states within a known 1-parametric family
of states. By so doing, the measured phase after the in-
teraction will indeed be higher. Nevertheless we will see
below that these phases are much more sensitive to the
state of the field than are the probabilities of transition.
We want to determine the number of photons with
great precision, perturbing the system as little as possi-
ble. An ideal projective measurement over sectors of n
particles is physically unfeasible. In practice this would
involve detectors coupled to the field. By the time a field
quanta is detected (for example by counting a detector
click), the back reaction of the detector would have mod-
ified the state of the field, which will no longer be in a
Fock state but instead in a mixed superposition of differ-
ent quanta sectors (see for instance [9]).
Let us assume that the state of the field is prepared in
a cavity in an unknown Fock state of n photons in the
cavity mode α of frequency ωα = αpi/L. All the rest of
the modes are prepared in the vacuum (or in very low-
populated states). Given that our detector is prepared
in the ground state, we have
|ψ(0)〉 = |g〉 ⊗ |nα〉
⊗
β 6=α
|0β〉. (7)
The first step is to estimate the probability of an
atomic transition while crossing the cavity. We want this
to be approximately zero. For that we calculate the dif-
ferent contributions to the leading order expansion of the
time evolution operator. The first order contribution to
the evolution operator (2) is
U (1) =
∑
β
λ
i
(
σ+a†βX+,β + σ
−aβX∗+,β + σ
−a†βX−,β
+ σ+aβX
∗
−,β
)
, (8)
where for notational convenience we have
X±,β =
1√
kβL
∫ T
0
dtei(±Ω+ωβ)t sin[kβx(t)]. (9)
The argument in the exponential describes rotating
(ωα − Ω) and counter-rotating (ωα + Ω) terms, with the
typical resonance condition ωα = Ω.
After some lengthy but straightforward algebraic cal-
culation (detailed in appendix (B)) we can find that the
probability of a transition to an excited state is
P|e〉(T )=λ2
[
|X−,α|2n+ |X+,α|2(n+ 1)+
∑
β 6=α
|X+,β |2
]
(10)
The three contributions to this probability can be
roughly understood as follows. The first term corre-
sponds to the contribution from the excitation proba-
bility due to the detector absorbing a photon from the
field mode α. The second corresponds to the atom get-
ting excited and emitting a photon to the mode α. This
4is the typical counter-rotating contribution. The third
term corresponds to the vacuum fluctuations due to the
rest of the modes (see for instance [9, 10]). Assuming the
detector is tuned to be resonant with the mode of the
field we want to probe, the largest contribution would
come from the first term. This is the principal contri-
bution that can jeopardize the hypothesis (see equation
(5)). However we will propose a technique by which we
can identically cancel this contribution if the unknown
state (Fig. 1) is prepared in an even harmonic of the
cavity ( as we shall show later in section IV) so that
P|e〉(T ) 1.
If the probability of transition is approximately zero,
the first contribution to the phase would come from
|ψ(2)T 〉, namely from the second order terms that are pro-
portional to the initial state. In detail, the second order
correction is given by
|ψ(2)T 〉=−λ2
[
n
C−,α
kαL
+
∑
β 6=α
C∗+,β
kβL
+ (n+ 1)
C∗+,α
kαL
]
|ψ(0)〉
+ |ψ(T )〉⊥, (11)
where
C±,β =
T∫
0
dt
t∫
0
dt′ ei(ωβ±Ω)(t−t
′) sin[kβx(t)] sin[kβx(t
′)]
and where |ψ(T )〉⊥ is the second order contribution that
is orthogonal to the initial state and which is irrelevant
to the computation of the phase. Of course the part
that we are not specifying, i.e. |ψ(T )〉⊥, should be small
enough for all our assumptions to hold. Its magnitude
will have an impact on the visibility of the fringes in the
interferometric experiment as we discuss below. We will
see that we will be able to compute the effect of this term
and keep it under control.
IV. MODE INVISIBILITY
For our proposed experiment to be feasible we must
maximize the phase acquired by the atom flying through
the cavity. This seems to suggest that we must prepare
our detector such that it is resonant with the mode of
the field we would like to probe. However since the reso-
nant mode gives the largest contribution to the detector’s
transition rate, this also gives in general a higher proba-
bility of altering the state of the cavity, jeopardizing the
approximation made in order to apply our formalism.
Fortunately we can use the spatial distribution of the
field modes to our advantage in order to minimize the
effect of the resonant mode on the transition probabil-
ity and still have a strong contribution to the phase.The
idea is to take advantage of the spatial symmetry of field
modes so that the atoms interact with light in a non-
destructive way [15–17]. When the atom interacts with
an even mode of the cavity (like the second harmonic
FIG. 2. (Color online): Scheme of an atom in its ground
state |g〉 going through a cavity at constant speed. The cav-
ity modes are in a state |nα〉⊗β 6=α |0β〉. Atoms resonant with
even modes preserve our approximation (6) and acquire a sig-
nificant global phase.
showed in the dotted line of Fig 2), most of the changes
that it will introduce in the field state while flying half
the way through the cavity x ∈ [0, L/2] will be undone
when the atom flies through the second half x ∈ [L/2, L].
As a first approximate description of the phenomenon,
whatever the atom absorbs while flying through the first
half of the cavity will be identically re-emitted while fly-
ing through the second half so that the state of field and
atom are the same modulo a phase. This is possible be-
cause the effective sign of the coupling to the cavity (λ
times the spatial distribution of the mode) reverses half
way through the flight path of the atom.
Of course in our particular setting this will only be
true for the first order terms of the perturbative expan-
sion, since the even orders in the coupling strength λ
will not see this effective sign change. This will have the
advantage that we can cancel out the leading order con-
tribution to the transition amplitude for the field and the
detector while keeping constant the leading order in the
phase effects.
Let us see the points made above in a rigorous ap-
proach: to leading order in perturbation theory the tran-
sition probability is given by the expression (10). If we
send an atom through a cavity at a constant speed v, the
time it spends inside the cavity is T = L/v.
If we introduce this into equation (9), also taking into
account that kβ = βpi/L, we obtain
X±,β =
1√
piβ
∫ L/v
0
dt ei(±Ω+ωβ)t sin
(
β pi
L
vt
)
. (12)
The integral can be readily solved, giving
X±,β =
[
ei
L
v (ωβ±Ω)(−1)β − 1
]
Lv
√
β pi
(β piv)
2 − L2(ωβ ± Ω)2
(13)
As is well-known [10], the largest contribution to the
transition probability comes from the rotating-wave term
X−,β for the resonant mode, i.e. ωβ = Ω, where the
5frequency of the mode coincides with the atomic gap.
Indeed, as seen in (13), all the counter-rotating contribu-
tions X+,β for all β and the off-resonant rotating-wave
contributions X−,β for all ωβ 6= Ω are damped by the
square of the sum or the difference between frequency of
the atomic gap and the frequency of the cavity modes.
Therefore the transition probability would be damped by
a quartic factor on the sum of difference of frequencies.
That would be a problem: if we want to maximize the
phase we better prepare the state to probe in a resonant
mode of the cavity, but that will involve increasing the
probability of transition and therefore taking us out of
the adiabatic approximation discussed in section II.
To keep the probability of transition the smallest pos-
sible we can use the spatial distribution of the modes
to our advantage: the multiples of the second harmonic
(β = 2, 4, . . . ) have the property that their spatial func-
tion is of odd parity, evident in the sine factor in (1).
Therefore an atom that flies through the cavity would be
effectively changing the sign of the coupling by an even
number of times as illustrated in Fig. 2.
This is seen in expression (13). For example, for X−,α
(corresponding to the resonance: ωα = Ω) we get
X−,α =
[(−1)α − 1]L
(αpi)
3/2
v
. (14)
If the field mode resonant with the detector is an odd
harmonic of the cavity (i.e. α = 1, 3, . . . ) then this would
indeed be the largest contribution to the transition prob-
ability. However, if the resonant mode is an even har-
monic (i.e. α = 2, 4, . . . ) then the contribution becomes
identically zero: X−,α = 0. Hence provided the highly
excited state we wish to probe is prepared in one of those
even modes, the mode is invisible to the atom (at lead-
ing order in perturbation theory) and therefore will not
perturb it.
The mode invisibility technique is robust against a
slight detuning from resonance (i.e. if ωα−Ω = δ). From
(13) it is easy to see that the largest contribution to the
amplitude of transition probability for small δ becomes
X−,β ' iL
2δ
√
2pin
(2pinv)
2 − L2δ2 '
iL2δ
v2
√
(2pin)3
+O(δ2), (15)
when β = 2n. Since the deviation in the contribution
of this term to the probability of transition (|X−,β |2 ) is
proportional to δ2, the mode invisibility transition prob-
ability cancellation holds if we are slightly off-resonance.
We call this method ‘mode invisibility’ because the
even mode that is probed becomes effectively invisible
to a single detector crossing the cavity completely: its
transition amplitude will not be noticeably altered after
crossing the cavity. This single detector will not be ex-
cited by the probed mode; instead, it will acquire a global
phase that is completely undetectable unless some sort of
interferometric experiment involving two atoms is set up.
We can improve these results by controlling the speed
at which the atom crosses the cavity. If α = 2j is an
even number and the atomic speed is close to an integer
divisor of the speed of light, or more concretely if the
speed is approximately v = 2jc/N where N = 1, 2, 3 · · ·
(see (B2)) we can cancel the contribution of X+,α to the
transition probability, eliminating any dependence it has
on the probed mode. This makes the mode completely
‘invisible’ to the detector.
V. EVALUATING THE PHASE FACTOR
Provided the assumptions ensuring (5) are satisfied,
our quantum system evolves after a time T to a general
state of the form
|ψ(T )〉 = U(0,T) |ψ(0)〉 ≈ eiη|ψ(0)〉, (16)
where η will be given by
η = −iLn〈ψ(0)|U(0,T) |ψ(0)〉 (17)
=−iLn
(
1−λ2
[
n
C−,α
kαL
+
∑
β 6=α
C∗+,β
kβL
+ (n+ 1)
C∗+,α
kαL
])
.
Note that η is not a real number (so strictly speaking, it
is not technically a phase) because the second order cor-
rection has a contribution orthogonal to the initial state,
as seen in (11). The phase factor γ to be determined is
given by
γ = Re(η)
We also have a contribution exp[−|Im(η)|] in the compo-
nent of |ψ(T )〉 proportional to |ψ(0)〉. In practical terms
translates into a loss of visibility in the interference pat-
tern. The desirable regime is therefore Im(η) 1.
To obtain the leading-order approximation for the
phase, let us first assume that we work in a regime where
|η|  1, which is consistent with our approximations. If
that is the case we can expand the exponential term in
(16), yielding
eiη ∼ 1 + iη = 1−λ2
[
n
C−,α
kαL
+
∑
β 6=α
C∗+,β
kβL
+ (n+ 1)
C∗+,α
kαL
]
(18)
and so the phase γ = Re(η) will be given by
γ ' −Im
λ2[nC−,α
kαL
+
∑
β 6=α
C∗+,β
kβL
+ (n+ 1)
C∗+,α
kαL
] .
(19)
We now make two observations. Mode invisibility,
which imposes that α is even, implies that C−,α = 0
(See appendix C). Additionally, since we want to com-
pare the phase acquired by atoms crossing cavities with
different photon content, we are interested in the differ-
ence between phases for different states containing n and
n+m which is given by
∆mγ(n) =γ(n+m)− γ(n), (20)
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FIG. 3. (Color online): Plot of the phase acquired by a de-
tector after it crosses the cavity (with speed v = 1000 m/s)
versus the number n of photons detected in the cavity (Real
part of γ). We are better able to distinguish between smaller
numbers of photons than higher numbers of photons in the
cavity. We see that as the number of photons increases, the
slope of the curve decreases logarithmically, worsening the
resolution.
which yields
∆mγ ' λ
2m
kαL
ImC+,α (21)
upon substituting (19). While the complete expression
calculated from (17) does depend on n, if we remain in a
regime such that γ  1, then ∆mγ is independent of n
within the approximation.
Computing the value of the integral C+,α for non-
relativistic speeds v/c 1 we get from (C5)
ImC+,α ' −c
piαv
L2
v2 − 4c2 '
L2
4piαcv
,
which upon substituting in (21) and taking into account
that kαL = piα yields
∆mγ ' λ
2L2
4pi2α2cv
m. (22)
showing that in the very-few-photon regime the phase
difference between two Fock states would not be a func-
tion of n and would depend only on m. Finally, notice
that the the exact expression for the phase difference is
then
∆mγ(n)=Re
i Ln

1−λ2
[ ∑
β 6=α
C∗+,β
kβL
+
(n+m+1)C∗+,α
kαL
]
1−λ2
[ ∑
β 6=α
C∗+,β
kβL
+
(n+1)C∗+,α
kαL
]


As one can easily see, the relevant contribution to this
phase comes from the resonant modes and the integrals
C+,α. Unlike the leading order contribution to the proba-
bility of transition, the resonant contribution to the phase
is not cancelled out by the ‘mode invisibility’ technique.
Note that our calculations are made in the context of
perturbation theory. An estimator of the validity of the
approximation is Ω−1λ · n · (L/v)  1; when this crite-
rion is satisfied, transition probabilities are small. For
microwave cavities this give 10−9n 1; for optical cavi-
ties the bound is even tighter. However, when the phase
obtained in our plots approaches order 1 (for the param-
eters considered that would happen around 1000 pho-
tons), one might question if we are still within the per-
turbative regime. It can be checked that higher order
corrections to γ tend to increase the phase rather than
decrease it; hence we expect our results extend to states
of more photons without major problems. The visibility
factor, however, would decrease substantially outside of
the perturbative regime so there will always be a tradeoff
imposed by the interferometric sensibility for cases where
we want to probe a high enough number of photons.
VI. RESULTS
To consider a particular case, we present results
for cavities ranging from the microwave to the optical
regime. From (17) (and (C5)) we see that if the cou-
pling strength is chosen to be proportional to Ω, which
in turn is fixed to be on resonance with the α-th harmonic
of the cavity, the phase will be invariant under changes
of length of the cavity provided we keep the same ratio
λ/Ω. If this ratio changes, the effect will be changed as
the square of this magnitude. The coupling strength λ
for the microwave to the optical regime lies in the range
(10−6 − 10−4)Ω as is typical in quantum optical settings
[11].
To consider a particular case, we present results for
an optical microcavity of length L ∼ 1 µm (although
we know the results would be similar for a microwave
cavity as per the arguments above). We will consider the
atomic gap to be resonant with a lower even harmonic
of the cavity (whose spatial distribution is odd). In the
relevant cavity mode, there is an unknown Fock state
whose photon content we want to determine.
We consider additionally another cavity prepared with
a reference field state and set up an atomic interferome-
ter as shown in Fig. 1. We need first to make sure that,
as claimed, the approximation (6) holds when we send
the atom with a given constant speed through the cav-
ity due to the mode invisibility effect. We find that the
transition probability – even for a relatively strong cou-
pling λ = 10−4Ω – remains below 10−20 for our choice
of parameters, consistent with our perturbative approach
and the assumption (6).1 Hence for realistic values of the
1 This is similar to the rate of response in the case of vacuum
fluctuations, since the mode that is populated has been made in-
visible to the detector, as per the technique spelled out in section
IV.
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FIG. 4. (Color online): Phase resolution required to distin-
guish a state containing n+m photons from a state containing
n photons. To show the trend in the behaviour of this mag-
nitude it is interesting to plot it for n above the threshold
where the visibility would make the measurement experimen-
tally challenging (∼ 104 photons: see Fig 5)
parameters the ‘mode invisibility’ technique is rather ef-
fective: the atom will not significantly modify the state
of the field while flying through it.
One may then wonder how much information can be
gained about the state of the field. We show in Fig. 3
the relationship between the phases acquired by a de-
tector flying though the cavity and the number of pho-
tons contained in the relevant field mode. For very few
photons, the phase response is linear with the number
of photons. The curve deviates from linearity for large
numbers of photons, reducing the resolution of the set-
ting. This implies that our setting is better suited to
distinguish between states whose photon numbers differ
by large amounts; it is more difficult to distinguish a
state containing n+ 1 photons from a state containing n
photons.
The magnitude of the resolution of the interferomet-
ric experiment conditions our ability to distinguish the
number of photons in the unknown state of the field.
Knowing that typical resolutions in atomic interferome-
try are of the order of fractions of milliradians [11], we
see that for small numbers of photons we have more than
enough resolution to tell apart states that differ by only
one photon. The resolution rapidly decreases with the
number of photons.
Although we might not be able to tell apart a state
with a million photons from a state of a million and one
photons, we can still obtain information about the pho-
ton content of the unknown state. The difference in phase
between two states containing respectively n and n+m
photons is thus the required resolution of the interfer-
ometric experiment in order to distinguish states that
differ by m photons. We show ∆mγ(n) in Fig. 4 for
several values of m.
The last point we need to analyze is how good the vis-
ibility of the interferometric pattern will be, taking into
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FIG. 5. (Color online): Plot of the visibility factor e|Imη|
showing that the interferometry will not be significantly dis-
turbed by the second order effects that take us out of the
approximation (5). Here v = 1000 m/s as in the previous
plots.
account that we would have second order effects taking
us out of the ground state. They are guaranteed to be
small due to their second order nature, but they would
impact the visibility of the fringes. In Fig. 5 we plot
the visibility factor showing that the visibility remains
extremely close to unity for small numbers of photons.
VII. CONCLUSIONS
We have proposed a way to obtain the relative dif-
ference in the number of photons of two different Fock
states without perturbing the states of the field. For
this, we have made use of what we call the “mode invis-
ibility” technique. This allows us to cancel the largest
contribution to the transition probability of an atom go-
ing through a photon-populated cavity while keeping the
phase acquired by the atom sensibly high. In this way
it is possible to obtain information about the quantum
state of light without perturbing the system very much
via an atomic interferometric experiment. For realistic
values of the parameters (microwave cavities) there is
enough resolution to distinguish states that differ only
by one photon and whose photon population can be of
the order of 1000.
This opens up the possibility of constructing extremely
sensitive measurement schemes with the ability to detect
and identify states of light containing only a few pho-
tons with small measurement error. The setting was pre-
sented here only for Fock states, but it could be applied
to build more general settings where different families
of states can be distinguished, as for instance coherent
states, squeezed states, thermal states (photon content),
fluctuations, etc.
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Appendix A: Evolution of the original quantum system
Explicitly writing the interaction Hamiltonian in equation (1):
HI =
∑
γ
λ√
kγL
(
σ+a†γe
i(Ω+ωγ)t + σ+aγe
−i(−Ω+ωγ)t + σ−a†γe
i(−Ω+ωγ)t + σ−aγe−i(Ω+ωγ)t
)
sin(kγx(t)).
The state of our quantum system at time t = 0 is defined as in equation (7). To find the system’s state at later time T ,
we consider the evolution operator (see equation (2)) which we explicitly defined in equation (4). Before we proceed
to calculations, it is important we define the action of annihilation and creation operators of a two-level system and
bosonic field on the state of an atom and boson state respectively:
σˆ−|g〉 = 0, σˆ+|g〉 = |e〉, σˆ−|e〉 = |g〉, σˆ+|e〉 = 0,
aˆ†β |nα〉 =
√
n+ 1|(n+ 1)α〉δβα, aˆβ |nα〉 =
√
n|(n− 1)α〉δβα, (aˆ†β)∗ = aˆβ .
Therefore, given the initial quantum state |ψ(0)〉 = |g〉 ⊗ |nα〉
⊗
β 6=α |0β〉, to first order in perturbation λ,
U(1) |ψ(0)〉 =
∫ L
v
0
dt
∑
γ
−iλ√
kγL
(
σ+a†γe
i(Ω+ωγ)t + σ+aγe
−i(−Ω+ωγ)t
)
|ψ(0)〉
=− i λ√
kγL
|e〉
[∑
γ 6=α
X+,γ |nα1γ〉+X+,α
√
n+ 1|(n+ 1)α〉+X∗−,α
√
n|(n− 1)α〉
]
, (A1)
Where for notational convenience, X±,γ has been defined as in equation (9). Equation (A1) gives a zero term
contribution to the transition probability into a different state; That is TrF ρ(0) = 0. Thus we go ahead to second
order perturbation in λ. Many terms emerge for the unitary evolution operator U (2) to second order. However we
concentrate only on surviving terms, which are
U(2) = −λ2
∑
γ
∑
β
∫ L
v
0
dt
∫ t
0
dt′
(
σ−σ+a†γa
†
βe
i(ωγ−Ω)tei(ωβ+Ω)t
′
+ σ−σ+a†γaβe
i(ωγ−Ω)te−i(ωβ−Ω)t
′
+σ−σ+aγaβe−i(ωγ+Ω)te−i(ωβ−Ω)t
′
+ σ−σ+aγa
†
βe
−i(ωγ+Ω)tei(ωβ+Ω)t
′
)
sin(kγx(t))√
kγL
sin(kβx(t
′))√
kβL
.
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U (2)|ψ(0)〉 =
(
λ
i
)2 ∫ L
v
0
dt
∫ t
0
dt′|g〉
[ ∑
γ 6=β,α
∑
β 6=α
sin(kγx(t))√
kγL
sin(kβx(t
′))√
kβL
ei(ωγ−Ω)tei(ωβ+Ω)t
′ |nα 1β 1γ〉
+
sin(kαx(t))sin(kαx(t
′))
kαL
e−i(ωα+Ω)(t−t
′)(n+ 1)|nα〉+ sin(kαx(t))sin(kαx(t
′))
kαL
e−i(ωα+Ω)(t+t
′)
√
n(n− 1)|(n− 2)α〉
+
sin(kαx(t))sin(kαx(t
′))
kαL
ei(ωα−Ω)(t−t
′)n|nα〉+
∑
β 6=α
sin(kαx(t))√
kαL
sin(kβx(t
′))√
kβL
ei(ωα−Ω)tei(ωβ+Ω)t
′√
n+ 1|(n+ 1)α 1β〉
+
∑
β 6=α
sin(kαx(t))√
kαL
sin(kβx(t
′))√
kβL
ei(ωβ−Ω)tei(ωα+Ω)t
′√
n+ 1|(n+ 1)α 1β〉
+
∑
β 6=α
sin(kβx(t))√
kβL
sin(kαx(t
′))√
kαL
ei(ωβ−Ω)te−i(ωα−Ω)t
′√
n|(n− 1)α1β〉
+
∑
β 6=α
sin(kβx(t)) sin(kβx(t
′))
kβL
e−i(ωβ+Ω)(t−t
′)|nα 0β〉
+
∑
β 6=α
sin(kαx(t)) sin(kαx(t
′))
kαL
ei(ωα−Ω)tei(ωα+Ω)t
′√
(n+ 1)(n+ 2)|(n+ 2)α〉
+
∑
β 6=α
sin(kαx(t))√
kαL
sin(kβx(t
′))√
kβL
e−i(ωβ−Ω)te−i(ωα−Ω)t
′√
n|(n− 1)α 1β〉
+
∑
β 6=α
sin(kβx(t)) sin(kβx(t
′))
kβL
ei(ωβ−Ω)tei(ωβ+Ω)t
′√
2|nα 2β〉
]
.
We therefore have to second order in λ the state
|ψ(2)(T )〉 =−λ
2
kαL
(
C∗+,α(n+ 1) + C−,αn+
∑
β 6=α
C∗+,α
)
|ψ(0)〉+ |ψ(T )〉⊥, (A2)
where the last term represents other terms orthogonal to the initial quantum state and C±,β has been defined as in
equation (11).
Appendix B: Transition Probability
Given that our leading order in the perturbation theory is the second order, the transition probability of an
atom initially in its ground state into an excited state is given as 〈e|Trf
[
U (1)ρ0U
(1)† + U (2)ρ0 + U (2)†ρ0
]|e〉 where
ρ0 = |ψ(0)〉〈ψ(0)|. Notice that the summands including U (2) do not produce diagonal terms in the field, hence they
will not contribute to the transition probability.(
U (1)|ψ(0)〉
)(
〈ψ(0)|U (1)†
)
=
(
λ
i
)
|e〉〈g|
[∑
γ 6=α
X+,γ |nα1γ〉〈nα0γ |+X+,α
√
n+ 1|(n+ 1)α〉〈nα|
+X∗−,α
√
n|(n− 1)α〉〈nα|
(−λ
i
)∑
β
(
σ−aβX∗+,β + σ
−a†βX−,β
)]
.
Taking each term explicitly,
λ2|e〉〈g|
[∑
γ 6=α
X+,γ |nα1γ〉〈nα 0γ |+X+,α
√
n+ 1|(n+ 1)α〉〈nα|+X∗−,α
√
n|(n− 1)α〉〈nα|
]∑
β
X−,βσ−a
†
β
=λ2|e〉〈e|
[∑
γ 6=α
X+,γX−α
√
n|nα 1γ〉〈(n− 1)α 0γ |+X+,αX− α
√
n(n+ 1)|(n+ 1)α〉〈(n− 1)α|
+ |X−α|2n|(n− 1)α〉〈(n− 1)α|
]
.
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Similarly for terms in σ−aβX∗+,β , we have(
λ
i
)2
|e〉〈g|
[∑
γ 6=α
X+,γ |nα1γ〉〈nα 0γ |+X+,α
√
n+ 1|(n+ 1)α〉〈nα|+X∗−,α
√
n|(n− 1)α〉〈nα|
]∑
β
X∗+,βσ
−aβ
=
(
λ
i
)2
|e〉〈e|
[ ∑
β 6=γ,α
∑
γ 6=α
X+,γX
∗
+,β |nα 1γ 0β〉〈nα 0γ 1β |+
∑
γ 6=α
X+,γX
∗
+,α
√
n+ 1|nα 1γ〉〈(n+ 1)α 0γ |
+
∑
γ 6=α
|X+,γ |2|nα 1γ〉〈nα1γ |+
∑
β 6=α
X+,αX
∗
+,β
√
n+ 1|(n+ 1)α 0β〉〈nα 1β |+ |X+,α|2(n+ 1)|(n+ 1)α〉〈(n+ 1)α|
+
∑
β 6=α
X∗−,αX
∗
+,β
√
n|(n− 1)α 0β〉〈nα 1β |+X∗−,αX∗+,α
√
n(n+ 1)|(n− 1)α〉〈(n+ 1)α|
]
.
Combining these terms, we have
U (1)ρ0U
(1)† =λ2|e〉〈e|
[∑
γ 6=α
X+γX−α
√
n|nα 1γ〉〈(n− 1)α 0γ |+X+,αX− α
√
n(n+ 1)|(n+ 1)α〉〈(n− 1)α|
+ |X−α|2n|n− 1α〉〈n− 1α|+
∑
β 6=γ,α
∑
γ 6=α
X+,γX
∗
+,β |nα 1γ 0β〉〈nα 0γ 1β |
+
∑
γ 6=α
X+,γX
∗
+,α
√
n+ 1|nα 1γ〉〈(n+ 1)α 0γ |+
∑
γ 6=α
|X+,γ |2|nα 1γ〉〈nα 1γ |
+
∑
β 6=α
X+,αX
∗
+,β
√
n+ 1|(n+ 1)α 0β〉〈nα 1β |+ |X+,α|2(n+ 1)|(n+ 1)α〉〈(n+ 1)α|
+
∑
β 6=α
X∗−,αX
∗
+,β
√
n|(n− 1)α 0β〉〈nα 1β |+X∗−,αX∗+,α
√
n(n+ 1)|(n− 1)α〉〈(n+ 1)α|
]
.
Tracing over the field, we have the transition probability of an atom into an excited state as seen in equation (10)
P|e〉(T ) = 〈e|Trf
[
U (1)ρ0U
(1)†
]
|e〉 = λ2
(∣∣X−,α∣∣2n + ∑
γ 6=α
∣∣X+,γ∣∣2 + ∣∣X+,α∣∣2(n+ 1)). (B1)
The integral
X±,β =
1√
kβL
∫ L/v
0
dtei(±Ω+ωβ)t sin[kβvt]
can be easily evaluated integrating by parts, yielding expression (13). Its modulus squared is evaluated to yield
|X±,β |2 = 1
(kβL)
[(
piβv
L
)2
−
(
± Ω + piβcL
)2]2
[(
± Ω + picβ
L
)2
sin2(piβ) +
(piβ
L
v
)2
cos2(piβ) +
(piβ
L
v
)2
− 2
(piβv
L
)(
± Ω + piβc
L
)
sin(piβ) sin
(±ΩL
v
+
piβc
v
)
− 2
(piβv
L
)2
cos(piβ) cos
(±ΩL
v
+
piβc
v
)]
. (B2)
It is trivial to show that at resonance (ωα = Ω), |X−,α|2 = 0 while |X+,α|2 is given by
|X+,α|2 =
(
piαv
L
)2
sin2
(
piαc
v
)
(piα)
[(
piαv
L
)2
−
(
2piαc
L
)2]2 .
for α = 2j an even integer. Provided
sin
(piαc
v
)
= 1 =⇒ v = 2jc
N
,
where N is an integer, we can be sure that the cavity content is completely invisible to the atom during its motion
through the cavity.
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Appendix C: Evaluating the phase factor
We have established an expression for the state of the quantum system after the time evolution operation to be
|ψ(T )〉 = |ψ(0)〉+ |ψ〉(2)T + · · · . Substituting equation (A2) yields,
|ψ(T )〉 =|ψ(0)〉+ λ
2
kαL
[
nC−,α +
∑
β 6=α
C∗+,β + (n+ 1)C
∗
+,α
]
|ψ(T )〉+ |ψ(T )〉⊥. (C1)
From equation (17), we can compute the integral term of the form
C±,β =
L
v∫
0
dt
t∫
0
dt′ ei(ωβ±Ω)t e−i(ωβ±Ω)t
′
sin[kβx(t)] sin[kβx(t
′)]
= −
L
v∫
0
dt
ei(ωβ±Ω)t sin[kβx(t)][
(kβv)2 − (±Ω + ωβ)2
][i(±Ω + ωβ) sin(kβvt′) + (kβv) cos(kβvt′)]e−i(±Ω+ωβ)t′
∣∣∣∣∣
t
0
=−
L
v∫
0
ei(ωβ±Ω)t sin[kβx(t)][
(kβv)2 − (±Ω + ωβ)2
][i(±Ω + ωβ) sin(kβvt)e−i(±Ω+ωβ)t − (kβv) + (kβv) cos(kβvt)e−i(±Ω+ωβ)t]
Separating every summand we get
C±,β =
−i(±Ω + ωβ)[
(kβv)2 − (±Ω + ωβ)2
]
L
v∫
0
dt sin[kβvt] sin(kβvt)
︸ ︷︷ ︸
P
(C2)
− (kβv)[
(kβv)2 − (±Ω + ωβ)2
]
L
v∫
0
dt sin[kβx(t)] cos(kβvt)
︸ ︷︷ ︸
Q
(C3)
+
(kβv)[
(kβv)2 − (±Ω + ωβ)2
]
L
v∫
0
dt ei(ωβ±Ω)t sin[kβx(t)]
︸ ︷︷ ︸
R
. (C4)
Applying the method of integration as above yields
P =− iL(±Ω + ωβ)
2v
[
(kβv)2 − (Ω + ωβ)2
] ,
Q =
cos(2kβL)
4
[
(kβv)2 − (±Ω + ωβ)2
] − 1
4
[
(kβv)2 − (±Ω + ωβ)2
] ,
R =
(kβv)
2
[
cos(kβL)e
i(Ω+ωβ)L/v − 1
]
[
(kβv)2 − (Ω + ωβ)2
]2 .
On substituting kβ = piβ/L and ωβ = piβc/L we obtain
C±,β =− iL(±Ω + piβc/L)
2v
[
(piβv/L)2 − (±Ω + piβc/L)2
] + (piβv/L)2
[
(−1)βei(±Ω+piβc/L)L/v − 1
]
[
(piβv/L)2 − (±Ω + piβc/L)2
]2 .
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If Ω is such as we are in resonance with the α-th mode of the cavity, this is Ω = αpiL c, C±,β can be expressed as
C±,β = L2
 (βpiv)2 [(−1)βei[pi cv (β±α)] − 1][
(βpiv)2 − pi2c2(β ± α)2
]2 − ipic(β ± α)
2v
[
(βpiv)2 − pi2c2(β ± α)2
]
 . (C5)
In particular, if β = α and if α is even, then C−,α = 0 and
C+,α =
L2
pi2α2v2
ei(2piα
c
v ) − 1(
1− 4 c2v2
)2 − icpiαv L2v2 − 4c2 , (C6)
which in the non-relativistic limit v/c 1 transforms into
C+,α ' iL
2
4piαcv
(C7)
and so the phase (17) which only depends on the C±,α is L-invariant, indicating that our method is scalable for any
size of the cavity.
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